In the large N limit, we show that the Local Potential Approximation to the flow equation for the Legendre effective action, is in effect no longer an approximation, but exact -in a sense, and under conditions, that we determine precisely. We explain why the same is not true for the Polchinski or Wilson flow equations and, by deriving an exact relation between the Polchinski and Legendre effective potentials (that holds for all N ), we find the correct large N limit of these flow equations. We also show that all forms (and all parts) of the renormalization group are exactly soluble in the large N limit, choosing as an example, D 
Introduction.
The large N limit 1 in combination with the exact Renormalization Group (RG) has the potential to be a very powerful non-perturbative technique. The exact solution of the large N limit along these lines offers a tractable and possibly more general alternative to the traditional approach of introducing collective (bound state) fields [1] . Indeed, as we will show, the exact solution of the large N limit of the RG flow equations does not require the introduction of collective fields, and yields solutions of a more general type than have been considered up until now.
We will show how to solve exactly for the functional dependence of the full effective action in the large N limit. However, of particular interest is the flow equation for the potential, which closes in the large N limit, under certain conditions, and is closely related to the Local Potential Approximation (LPA). A number of interesting results concerning the LPA and this connection, have already been derived in refs. [2] - [11] , however, to our knowledge there is no derivation of the general conditions, over and above the large N limit, under which sufficient simplifications occur to allow exact solution of the RG equations,
and/or such that these simplifications coincide with the LPA. The main point of the present paper is to derive these conditions.
Specifically, we will show that the flow equations for N component O(N ) invariant scalar field theory simplify if and only if the one-particle irreducible part of the interaction part of the effective action, a.k.a. Γ Λ (to be defined below), is a functional only of the square of the field ϕ 2 (x) = ϕ a (x)ϕ a (x) at some point Λ. Under rather general conditions, as discussed later, this occurs if the interaction part of the bare action, S Λ 0 , is the (generalised)
Legendre transform [12] of such a Legendre effective action, viz.
. This space of bare actions is indeed much larger than the one considered in traditional large N methods [1] , and in derivations of the large N flow equations that start from these methods [3] [5] [7] [10], where the bare interactions were restricted to a general bare potential.
Although we concentrate on O(N ) scalar field theory, it will be clear that the derivations (and proofs) easily generalise to other field theories.
It is worth stressing that the large N limit of the Legendre effective action does not reduce simply to the sum of a potential and a standard kinetic term. On the contrary, the Legendre effective action generally contains contributions to all orders in derivatives even in this large N limit (as we will see later 2 ). Since the approximation in the LPA [15] [16] [17] 1 N being the number of fields in a quantum field theory
, were announced in ref. [14] .
is the neglect of all these higher order terms, the LPA in the large N limit is even in this case strictly speaking incorrect. However, the proof of exact reduction of the Legendre flow equation to that for just an effective potential in the large N limit, arises by considering only constant fields (i.e. ones that do not vary in space-time) and as we will see, so far the reduced equations coincide with the equations obtained in the LPA.
We will show that the correct large N limit of the Wilson flow equations [18] , or equivalently [19] the large N limit of Polchinski's flow equations [20] for the effective potential, does not at all coincide with the LPA. We will show that the flow equations for the potential do again close in the large N limit however, and we derive the correct equations through a generalised Legendre transform relationship between the Polchinski effective potential and the Legendre effective potential, which we formulate here. The generalised Legendre transform relationship, first written down by one of us in ref. [12] , is the crucial step in this derivation. The fact that the LPA is not the correct large N limit in this case is remarkable, given that the LPA of the Polchinski equation nevertheless provides the right eigenvalue spectrum for the Wilson-Fisher fixed point and the correct behaviour for the BMB [21] phenomenon [11] . However on the one hand, we list several instances in which the LPA of the Polchinski equation gives incorrect results, and on the other hand, we show that flow equations of a very general form (of which the LPA is one instance and the correct equation another) all yield the correct results for the eigenvalue spectrum of the Gaussian fixed point, the line of Gaussian fixed points that appear at N = ∞ in upper critical dimensions less than four [11] [21] , and the Wilson-Fisher fixed point. In so doing,
we also show that all the present forms of the RG can be straightforwardly solved for the corresponding RG eigenvalues.
We finish this introduction with a brief discussion of earlier work on the large N limit of the RG [2] - [11] , in order to further clarify its relation to the present paper. In the classic paper of Wegner and Houghton [2] , it was already recognized that the effective potential for In ref. [10] , the expansion of the potential about its minimum was investigated and shown to yield a partial system of 'perfect coordinates' for the RG. This property of perfect coordinates leads to an elegant derivation of the RG eigenvalues, which we will utilise later, for we will show that this property holds not just for sharp cutoff (viz. the As stated earlier, for concreteness we will restrict our attention to an N -component O(N ) invariant scalar field theory. However, the appropriate generalizations to the other classical groups, and other (matter) fields is straightforward.
Consider the partition function, with kinetic term modified to include an infrared cutoff:
We have introduced ∆ IR (q, Λ) = C IR (q 2 /Λ 2 )/q 2 , where C IR is the infrared cutoff function.
The subscript a is the internal index running from 1 to N , and S Λ 0 stands for the O(N ) invariant bare interactions. Some more or less pedantic statements, on notation, and C IR , are given in appendix A. Differentiating (1) with respect to Λ and rewriting in terms of Γ Λ , the interaction part of the Legendre effective action, gives [12] [19] [23] :
where
, where now ϕ a = δW/δJ a is the classical field.
Suppose that the interaction part of the Legendre effective action is just a functional
(at least at some value of Λ), then we have
We note that this is of the form aδ ab + b ab . If Γ Λ has a smooth limit as N → ∞, then it is easy to see that the second term b ab contributes negligably in this limit. Indeed, whereas the other terms in (3) and (2b) yield a factor of δ aa = N on taking the inverse and tracing in (2a), corrections resulting from b ab have no δ aa component to all orders in b:
Therefore to leading order in N , equation (2) simplies to
where now
(the propagator ∆ IR having been Fourier transformed into position space). Two points are now obvious from (4). Firstly, if for some value Λ, Γ Λ is a functional only of ϕ 2 , then since (4b) is also only a functional of ϕ 2 , and (4a) a first order differential equation in Λ,
we have immediately that this form of Γ Λ is preserved by the flow, i.e.
Λ. Secondly, in order to obtain a finite non-trivial limit as N → ∞, we must transform
Of course these are nothing but the standard transformations [1] , but we have here yet another derivation of them. The net effect of this is to remove the factor of N from (4a).
We assume from now on that this has been done.
The fact that the flow equation (4) now contains only zero or one point functions allows for a considerable simplification: Set ϕ 2 (x) = z, where z is a constant. Regarding the effective action as given by a derivative expansion (or otherwise), we see that only the (4), which thus takes the form
(where in here ∆ IR ≡ ∆ IR (q, Λ), prime refers to differentiation with respect to z, and
Evidently (6) The conditions under which this 'reduction to LPA' takes place, follow from the first point made below (4), i.e. a sufficient condition is that Γ Λ = Γ Λ [ϕ 2 ] at some point Λ.
In particular, if the ultraviolet cutoff is absorbed in C IR , by modifying it so that e.g. 
where f is some function and B ≡ B(−i∂) a two-point function satisfying B(0) = 0, here expressed as a derivative operator, then (3) receives corrections containing δ ab . These corrections thus survive to (4), and furthermore, the δ ab term arising from differentiating the two fields in ϕ a Bϕ a , modifies (6) in way which can only be quantified once B and f are known. It is only contributions to the potential, and terms (or parts of terms) that can be put in form (7) that survive the twin reductions of the large N limit and setting the field to a constant. This fact however does not appear to allow any widening of the above condition, such that the equations remain soluble, because terms of the form (7) receive their corrections through the flow equation from many other forms of terms and no closure appears possible in general. In particular therefore, it appears that no closure allows the computation of a non-trivial f and B in general, nor does a closure exist which guarantees that these terms vanish, beyond the already stated sufficient condition. UV .Φ a + S Λ . This is given by [20] [12] A finite large N limit is achieved with the analagous transformations to (5), viz.
[Again these either follow from standard methods, or may be deduced directly, this time by requiring the order N parts of the quantum (trace) term to balance the classical (∼ S 2 Λ ) term and the left hand side in eqn. (8) .] Suppose once more that we assume that the interactions are restricted to the form
, at some value of Λ. Combining this with (9) , and N → ∞, we obtain
Because in this limit, the only field derivatives are first order, we have again a reduction to LPA on setting Φ a (x) constant, Φ 2 (x) = y (not to be confused with the coordinate y[!]):
(the prime on C UV meaning differentiation with respect to its argument). Nevertheless, eqn. (11) is not correct (for all Λ). This is because the form
by the first term on the right hand side of (10a) and is thus not preserved by the flow. The Polchinski (or Wilson) effective action has a tree structure [20] [12] whose oneparticle irreducible parts are given by the infrared cutoff Legendre effective action introduced previously [12] , providing that we set 
which by differentiation, implies the following functional relations between the two fields:
and
It is straightforward to show that the flow equations are transformed into each other by (13) ; By differentiating (14a) with respect to Φ, and (14b) with respect to ϕ, one derives
then e.g. differentiating (13) with respect to Λ at constant Φ, and using (14a) and the above relation, one derives (8) from (2) (up to an unimportant vacuum energy [20] [12]).
In the case of constant fields with Φ a (x) =Φ a √ y and ϕ(x) =φ a √ z (where we have introduced the unit vectorsΦ 2 =φ 2 = 1), (13) collapses to
and either directly from here or from (14), we see thatφ a =Φ a ,
Combining the above equations gives,
We have in particular at α/Λ 2 ≡ ∆ IR (0) = 0, corresponding to an efficient infrared cutoff, that the constant fields and the effective potentials are equal: y = z, U = V [12] [17] . Consequently, the Polchinski effective potential tends to the full 5 Legendre effective potential in the limit as Λ → 0 [25] . For α > 0, (17) is compatible with the observed large field behaviour of the respective potentials: we have V ′ ∼Ãz 2/(D−2) , whereÃ is a dimensionless constant (by dimensions on assuming Λ drops out of this limit) [19] [25], and thus from
, concurring with derivative expansion estimates [26] .
The large N limit of Polchinski's flow equation.
Returning to (10a), we note that the form
is not preserved in the large N limit, precisely because the one-particle reducible parts do not respect this form. The best one can derive for the full S Λ , is its tree expansion in terms of one-particle irreducible vertices, the latter simplifying as a consequence of
, e.g. we derive from (15) and (4b), at ϕ = Φ = 0 the large N form for the effective two-point function.
However, for the large N Polchinski effective potential we can, by using the results of the last section, derive an exact closed equation -either directly from (16), (17) and (6), along the lines outlined below (6), or by setting Φ a =φ a √ y, in (8) and using (15) , (4b) and (17) . Either way, we obtain Wilson-Fisher fixed point [13] , and the large N LPA (11) for Polchinski's flow equation at general points [11] . In this section, we show that these equations, and (18), are exactly soluble for any cutoff, both around the Wilson-Fisher fixed point and at general points, and that this is possible not just for the potential, but also for the full effective action
At the same time, we will shed light on why (11) is capable of producing the correct exact results [11] despite the fact that (11) is not itself exact.
Since corrections are functionals of ϕ 2 only, the kinetic term ∼ (∂ µ ϕ) 2 remains normalised, and the fields have no anomalous dimension. Thus we write z → zΛ D−2 ,
where µ is an arbitrary finite energy scale), and similarly for y and U , after which all powers of Λ may be eliminated from (6), (11) and (18) . Shifting to a stationary point 6 x 0 (t), by writing
, with thus W (0, t) ≡ 0. Differentiating (6), (11), and (18) by x, all three flow equations can then be written (for general cutoff) in the forṁ
where the dot˙stands for ∂/∂t (at constant x), and
and c (chosen in the above form for convenience), are numerical constants.
We now prove that all flow equations of form (19) , yield the correct structure of RG fixed points in the sense that: There exists a Gaussian fixed point W = 0, with RG eigenvalues (11), and c = c L + c P − 4αγ for (18) . We note that for C IR monotonic, γ, c L and (for D > 2) c P are guaranteed positive (c.f. appendix A), and (18)'s c is positive at least in the range 2 < D < 4.
Requiring W (0, t) = 0 in (19) , implies W ′ (0, t) = 0 and thus 7 W (x, t) = 0, unlesṡ
6 N.B. By this we restrict ourselves to potentials with such stationary points, ruling out in particular the High Temperature fixed point solution [11] to (8) : U (y, t) = y/(2α). 7 by expanding in powers of x or otherwise Substituting this back into (19) , and expanding W (x, t) = n=1 W n (t)x n , we obtaiṅ
where the second equation holds for n > 1 and the dots stand for terms containing products of W m 's, m < n. (21) and (22), there is just one new eigen-perturbation for each new n = 1, 2, · · ·, and this takes the form δx 0 (t) = 0, δW m (t) = 0 ∀m < n, and δW n (t) ∝ e (21) and (22): Note that these proofs do not provide closed forms for non-trivial W (x), or establish that they are non-singular for all x + x 0 > 0 (and thus in particular the extent of the 8 In fact such potentials typically encounter a singularity at some point [14] [27] [11] .
line of Gaussian fixed points at D = D k ) nor similarly, that the perturbations δW (x, t) are acceptable [14] [27] . This can be established from general properties of the equations, similarly to the proofs in refs. [2] [28], or by deriving exact implicit solutions. Indeed these are easily achieved for all initial conditions and all Λ: For simplicity restricting to the Legendre flow equation and before scaling, 9 we differentiate (6) with respect to z and write W (z, Λ) = V ′ (z, Λ), after which (6) takes the form ∂W/∂Λ = A(W, Λ) W ′ . Now by change of dependent variables (or the method of characteristics), the general solution is
where F is an arbitrary function. A closely related technique works for the full effective
. Let us define a Legendre transform with respect to ϕ 2 (x), introducing a 
where W 0 is an arbitrary Λ independent functional of K, ∆ IR ≡ ∆ IR (q, χ) and from (4b),
We finish with two remarks. Firstly, it looks quite plausible that the 'perfect coordinate' method (20)- (22) can be generalised to the full functional equation (4) . Secondly, we are aware that a number of the results we have given may be interpreted and even derived at the diagrammatic level, however the derivations we give are compact, and non-perturbative, and are thus more powerful.
Appendix A. Notation and cutoffs.
We use a condensed notation wherever convenient so two-point functions are often A more general propagator than 1/q 2 could be used (as multiplier to C IR and C UV ) without any significant changes, but at the price of some loss of clarity. Similarly the cutoff functions could be assumed to be general functions C(q, Λ) of yet to be determined dimension, but since in the large N limit for scalar fields no anomalous dimension remains, and since we will later in the paper be interested in (scale-free) critical points we simplify from the start to C ≡ C(q 2 /Λ 2 ).
The infrared cutoff function C IR satisfies C IR (r) → 1 as r ≡ q 2 /Λ 2 → ∞, so that physics is independent of the infrared cutoff at scales much larger than Λ. In fact we require also that C IR (r) → 1 sufficiently fast that the momentum integrals in the effective action flow equations (2) are well regulated. For r → 0, we require C IR (r) → 0, so that the infrared physics is indeed cutoff. In particular we will require that this happens fast enough to guarantee that a momentum Taylor expansion (a.k.a. derivative expansion) exists for the effective action (i.e. that there are no remaining massless modes). By unitarity, the cutoff functions must be analytic at r = 0, (so that they hide no other massless modes).
The effective ultraviolet cutoff function C UV (r) is required to satisfy C UV → 1 as r → 0, so that physics is unchanged at scales much less than the effective cutoff Λ, while for r → ∞, C UV is required to vanish sufficiently fast that all momentum integrals are well regulated. In fact, we will insist that C UV (r) + C IR (r) = 1 for all r, since then an intimate relation exists [12] between the Polchinski and Legendre flow equations. The field Φ = ∆ IR · J + ϕ is not the same as the field ϕ in (1) [12] , unless Polchinski's conditions [20] are applied to C UV and J. These conditions are not assumed, nor necessary, here.
